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Q1. Show that the function V(X, y):ln(xz+y2)+ X+Y is harmonic. Find its conjugate

harmonic function u(x,y). Also, find the corresponding analytic function f(z)=4+iv in
terms of z.

[10 Marks]
Solution:
Given, V(x,y) =In(x* +y?)+x+y
oV 2X
— = 21l
oX X +Yy

A 2(x2 + yz)—4x2
o (x2+y2)2

_=2x+2y°

(x2+y2)2

8_V: 22y > +1
oy X +y

oV _2(X+y)-4y" 22y
oy? (x2+y2)2 (X2+y2)2
N NV _ —(2><2—2y2)+ 2x2 —2y>
o' oy (x2+y2)2 (x2+y2)2 .
Hence it is a Harmonic function.

ov 2y +1:@:@: 2y +1

oy xX+y° ox  ox  X*+y?
Integrating w.r.t. X.

u =tanl(5j+x+ £(y)
y

ou 1 :
——2J+xy+f (y)

_y
y

2

ou y :
—= xy + f
Y y2+xz+ y+1(y)
: d 2
fy=-2--7

dy y2+x2_



X2 +y Y2+ X
X 2
f(y) =Y 41xy
X" +y
2 2 2
f(y)=tan[ 2 |1y -xy - {Xﬁyz— - }
X X2 +y> XP+y
f(y)=tan™ y +y—xy2—y+5tanl(lj
X 2 X
f(y)=tan™ y —xy2+§tanl(lj
X 2 X

Hence becomes U = tan‘l(l}r X +tan*(y/ x)+§tan‘1l —xy?
X X

—2tan X 5tanl(l] 1-y?
y (Xj+2 ) oxfiy?)
a1 Y X 2
y =tan (;j[2+ﬂ+x(l—y)

f=u+iv

, ou .ov oV .ov

f(Z)=—+i—=—+i—
ox OX oy OXx

Put x=2,y=0

f'(z)=1+i(%+lj

:1+i(g+1j
z

f(z)=z+i(2Inz+z)+cC

f(z2)=z+i(z+Inz*)+c
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Q2. Find all Possible Taylor's and Law rant's shies expansion of function f(z) :T
" —ol+1

about the point z=0

Solution:
2z-3  21-3
7°-3z+7 (z-1)(z-2)

~f(2)=

By using partial paction



2z-3 _ A N B
(z-)(z-2) (z-1) (z-2
=A(z-2)+B(z-1)
= A+B=2 and 2A+B=3
.. By Solving, we get,

A=1 B=1
1 1
TN CEe)
YO P =1(1—1j_1
(z-1) z(l—lj 2\ z
z
fl(z):%{l+%+zi2+%+--}

(11
z 22 2

<1 thence |z|>1, so valid for|=1>1.

: 1 1 1, 2Y"
Again, f,(z) = = :_(1__]
(z-2) 22 zU oz

Since

Z
Now, the Laurent's series

(fl+f2)2=‘:1+i2+i3+---:|+|:l+£2+i+ ....... }

Since, |—| <1 : Hence valid for |z |> 2

Z Z z

2 3
2

5
(f+ fz)z:;+ +—

A YA
for Taylor's series

1 -1
P They

fl(z):—(1+z+zz+z3+---),|z|> 2.

-t
(z2-2) 2(1_zj 2\ 2
2

9 . . : .
+—; +--+isvalid for | Z|> 2 is the required Laurent’s series.
z

=-11-2)"




_ 3,3
f2(2)=_1 1_|_£+Z_+Z__|_...
2 2 4 8 2

2
() z=—1(1rz 427+ ) 2|14 fe p
(fi+f)z=-1(

2 3
(f,+f,)z :{(l+z+zz+z3+---)+%(1+§+%+%+---ﬂ

is the required Taylor's series.

Q3. State Cauchy's theorem. Using it evaluate the integral e—+1_2dz clz|F2
cz(z+D(z-1)

Solution:
e’ +1
Given, I—Z Z
cz(z+D(z-1)

over the region c:|z|=2

e’ +1
"= ey

Polesare z=0,z=-1. of order 1.

z =1 of order 2
Now, residue at z=0.
—limz- f(2)=limz— St
-0 -0 7(z+1)(z-1)
e+l 2
(0+1)(0-i)* i?
Residueat z=-1
= Iiml(z +1)1(2)

z+1

. e
_!Lmlm'zM(Z—i)z

e+l

(-D(-1-i)

—(e’l +l)
(1+1i)?

Residue at z =i of order 2

= Iimi(z—i)z- f(2)
iz




d e+l
i dz z(z+1)
e’ (2 +z)-(e*+1)(zz+1
R e
i z2°(z+1)
_ ez-22+ez-z—[2ez-z+ez+22+1}
=lim 2 2
2o z°[z+1]
_ ez[zz+z—2z—1]—22—l
=lim 2 2
zi z°(z+))
e’|2°-z2-1]|-2z-1
=lim [ 2 ]2
2 z2°(z+))
e (i —i-1)-2i-1
i2(1+1)°
—(2¢' +2i+1+¢')
(-D+i)°
_2e' +2i+1+i€'
(1+1i)*
e (z+i)+(2i+1)
(1+i)°
(j) f(z)dz =271 [residue at z=0+ Residue atz =-1 +residue at z = i]

= 27i {_2_ (e’l +t) . e'(2+1) + (22i +1)]
@+1) (1+i)

§ t @)z =-2x 2+(e7 +1)+e” (22+i)—2i—1]
i @+i)

im0

(1+i)°
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